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Abstract 



We investigate the entanglement and nonlocality properties of one- and two-mode 
combination squeezed vacuum state (OTCSS, with two-parameter A and 7) by analyzing 
the logarithmic negativity and the Bell's inequality. It is found that this state exhibits 
larger entanglement than that of the usual two- mode squeezed vacuum state (TSVS), 
and that in a certain regime of A, the violation of Bell's inequality becomes more obvious, 
which indicates that the nonlocality of OTCSS can be stronger than that of TSVS. As 
an application of OTCSS, the quantum teleportaion is examined, which shows that 
there is a region spanned by A and 7m which the fidelity of OTCSS channel is larger 
than that of TSVS. 
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1 Introduction 

Entanglement between quantum systems plays a key role in quantum information process- 
ing, such as quantum teleportation, dense coding, and quantum cloning. In recent years, 
various entangled states have brought considerable attention and interests of physicists be- 
cause of their potential uses in quantum communication [H[2]. For instance, the two- mode 
squeezed state is a typical entangled state of continuous variable and exhibits quantum en- 
tanglement between the idle-mode and the signal-mode in a frequency domain manifestly. 
Theoretically, the two-mode squeezed state is constructed by the two-mode squeezing op- 
erator S = exp[A(ai<22 — ai<4)] [3H5] acting on the two-mode vacuum state |00), 



where A is a squeezing parameter, the disentangling of S can be obtained by using SU(1,1) 
Lie algebra, [aio^ajaj)] = a \ a i + aj> a 2 + 1> or by using the entangled state representation 
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\v) [SHI], which was constructed according to the idea of Einstein, Podolsky and Rosen in 
their argument that quantum mechanics is incomplete [9]. 

Using the relation between Bosonic operators and the coordinate Qi, momentum Pi, Qi = 
(cii + a\)/\/2, Pj = (cii — a|)/(\/2i), and introducing the two-mode quadrature operators 
of light field, x\ = (Qi + Q2)/2, X2 = (Pi + -P2V2, the variances of x\ and X2 in the state 
S 1 00) are in the standard form 

(00| Sfla$S |00> = je~ 2 \ (00| S^xjS |00) = ^e 2A , (2) 

thus we get the standard squeezing for the two quadrature: x\ — > ^e x x\, x 2 — > \e~ x X2- 
On the other hand, the two-mode squeezing operator can also be recast into the form 
S = exp [iA (Q1P2 + Q2P1)] ■ Then some interesting questions naturally rise: what is the 
property of the following operator 

V = exp [-i (A1Q1P2 + A2Q2-P1)] , (3) 

with two parameters Ai = Ae 7 , A2 = Ae~ 7 , A > 0? What is the normally ordered expansion 
of V and what is the state V 1 00) ? What are the entanglement and nonlocality properties 
of V|00)? When 7 = 0, Eq.([3|) just reduces to the usual two-mode squeezing operator S. 
Thus we can consider V as a generalized two-mode squeezing operator and V | 00) as one- 
and two-mode combination squeezed vacuum state (OTCSS). 

In this paper, we investigate entanglement properties and quantum nonlocality of V 1 00) 
in terms of logarithmic negativity and the Bell's inequality, respectively. Subsequently, we 
consider its application in the field of quantum teleportation by using the characteristic- 
function formula. It is shown that this state exhibits larger entanglement than that of the 
usual two-mode squeezed vacuum state (TSVS); and in a certain smaller regime of A, that 
the nonlocality of this state can be stronger than that of TSVS due to the presence of 7. 
In addition, application to quantum teleportation with OTCSS is also considered, which 
shows that there is a region spanned by A and 7 in which the fidelity of OTCSS channel is 
larger than that of TSVS. 

Our paper is arranged as follows. In section 2, we derive the normal ordering form of 
one- and two-mode combination squeezing operator by using the technique of integration 
within an ordered product (IWOP) of operators. In section 3, using the Weyl ordering form 
of single-mode Wigner operator and the order-invariance of Weyl ordered operators under 
similar transformations, we derive analytically the Wigner function of V|00). Sections 4 
and 5 are devoted to investigating the entanglement properties and the nonlocal properties 
OTCSS by using the Bell's inequality and the logarithmic negativity, respectively. An ap- 
plication to quantum teleportation with OTCSS is involved in section 6. We end with the 
main conclusions of our work. 

2 The normal ordering form of V and fluctuations in V 1 00) 

In order to know V 1 00) , we need to derive the normal ordering form of the unitary operator 
V by virtue of the IWOP technique |10H12j . Using the Baker-Hausdorff formula, 

e A Be- A = B + [A, B] + i [A, [A, B]] + i [A, [A, [A, B]]] + • • • , (4) 



and noticing that 



i[AiQiP 2 + A 2 Q 2J Pi,Qi] = A 2 Q 2 , 
*[AiQiP 2 + A 2 Q 2 Pi,Q 2 ] =XiQi, 
i [A1Q1P2 + A2Q2P1, Pi] = -AiP 2 , 
* [A1Q1P2 + A2Q2P1, P 2 ] = -A2P1, 



we have 



V~ l QxV = Qi cosh A + Q 2 e~ 7 sinh A, 
V~ 1 Q 2 V = Q 2 cosh A + Qie 7 sinh A, 
V^PiV = Pi cosh A - P 2 e 7 sinh A, 
F _1 P 2 y = P 2 cosh A - Pie" 7 sinh A. 

Thus, in order to keep the eigenvalues invariant under the V transformation, i..e., 

V~ 1 Q k V\qiq 2 )' = qk \q1q2}' , (k = 1,2), 

the base vector must be changed to 

_! / \\ , f cosh A e~ 7 sinhA 
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qi J I ' V e7 smn A cosh A 
where |gig 2 ) = \q\) ® \q 2 ), and 1%) is the coordinate eigenstate, 

\q k ) = TV-^eM—q 2 + V / 29« t - V] |0) • 

Using the completeness raltion dq\dq 2 \qi, q 2 ) (91, 9 2 | = 1, we have 
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which leads to 
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dq 1 dq 2 
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Actually, one can check ([T7jl bv V~ X V = VV' 1 = 1. Further using the vacuum projec- 
tor 1 00) (00 1 =: exp[— a^a — b^b]: (: : denoting normal ordering), as well as the IWOP 
technique, we can put V into the normal ordering form [13J, 



V = — f= exp 

Vl 

4 
I 



1 

L L 



b ]2 - a) 2 ) sinh 2 A sinh 27 + 2a t 6 t sinh 2A cosh - 



: exp 
exp 



a) a + b^b) cosh A + [b^a — a)b) sinh A sinh 7 



a' a 



b ] b 



L 



sinh 2 A sinh 27 — 2a) b^ sinh 2A cosh 



7 



(18) 



where L = 4(1 + sinh 2 7 tanh 2 A) cosh 2 A. Eq. (|18p is just the normal ordering form of V. It 
is obviously to see that when 7 = 0, Eq. ([T5]) just reduces to the usual two-mode squeezing 



operator. Operating V on the two-mode vacuum state |00), we obtain the squeezed vacuum 
state, 

V|00) = -^Lexpji (V 2 - a 1 " 2 ) sinh 2 Asinh2 7 + 2^ sinh 2 A cosh 7 | |00) . (19) 

On the other hand, by using the transformations Eqs.(j9])- (|12p . one can derive the vari- 
ances of x\ and x 2 in the state V 1 00) [13] 

(Axi) 2 ^) = - (cosh 2 A + 2 sinh 2 A sinh 2 7 + sinh 2 A cosh 7) , (20) 

(Ax 2 ) 2 ) = - (cosh 2A + 2 sinh 2 A sinh 2 7- sinh 2A cosh 7) , (21) 

which indicate that the variances are not only dependent on parameter A, but also on 
parameter 7. When 7 = 0, Eqs. (f20]) and ([2"T]) reduce to (|(A:ri) 2 ^) = |e 2A , and (^(Ax2) 2 ^ = 

|e~ 2A , corresponding to the usual TSVS. In particular, by modulating the two parameters 
(A and 7), we can realize that 

(A Xl f)>\ ( ?\((A X2 f)< 1 -e-*\ (22) 



whose condition is given by 



0<tanhA< — — , A > 0, (23) 

1 + cosh 7 



which mean that the OTCSS may exhibit stronger squeezing in one quadrature than that of 
the TSVS while exhibiting weaker squeezing in another quadrature when the condition (|23p 
satisfied. Then, can the OTCSS exhibits stronger nonlocality or more observable violation 
of Bell's inequality? In the following, we pay our attention to these two aspects. 



3 Wigner function of V 1 00) 



Wigner distribution functions [14H16| of quantum states are widely studied in quantum 
statistics and quantum optics. Now we derive the expression of the Wigner function of 
V 1 00) . Here we take a new method to do it. Recalling that in Ref. [17H19] we have intro- 
duced the Weyl ordering form of single-mode Wigner operator Ai (qi,pi), 

A l (q 1 ,p 1 )= : 5(q 1 -Q 1 )5( Pl -P 1 )[, (24) 

its normal ordering form is 



1 



7T 



Ai(gi,pi) = -: exp - ( qi - Q x f - fa - p{f : , (25) 



where the symbols : : and ; ; denote the normal ordering and the Weyl ordering, respec- 
tively. Note that the order of Bose operators a\ and a{ within a normally ordered product 
and a Weyl ordered product can be permuted. That is to say, even though [ai,a{] = 1, we 
can have : a\a\: =: ajai : and;aia|: = \a\ai'.. 



For one- and two- mode combination squeezed vacuum state V 1 00) , its Wigner function 
is given by 

W (qi,Pi;qa,P2) = tr [V |00) <00| V _1 Ai A 2 (g 2 ,p 2 )] = <00] Z7|00) , (26) 

where U = F _1 Ai (qi,pi) A 2 (q 2 ,p 2 ) V. Further using Eq.(|24p. noticing that the Weyl or- 
dering has a remarkable property, i.e., the order- invariance of Weyl ordered operators under 
similar transformations [17H19] . which means 

V' 1 ' (000) \V = \V~ l {ooo)v\, (27) 

as if the "fence" ' 'did not exist, thus U can be cast into the following form (see appendix 
A), 

U = V- l \5(q l -Q l )5{p l -P l )5(q 2 -Q 2 )5{p 2 -P 2 ) [V 

= Ai (gi cosh A — q 2 e~" 1 sinh A, p\ cosh A + p 2 e 7 sinh A) 

x A 2 [q 2 cosh A — gie 7 sinh A, p 2 cosh A + pie~ 7 sinh A) . (28) 

So the Wigner function of V 1 00) is given by 

W(gi,pi; q 2 ,p 2 ) = \ exp {-mi (q\ + p\) - m 2 (p\ + ql) +2 (qiq 2 - p\p 2 ) m 3 } , (29) 
where 

m\ = cosh 2 A + e 27 sinh 2 A, m 2 = cosh 2 A + e~ 27 sinh 2 A, 7713 = cosh 7 sinh 2A. 
In particular, when 7 = 0, Eq. (|29p becomes 

W(qi,pi; q 2 ,p 2 ) = ^exp{- [p\ + p\ + q\ + q%) cosh2A 

+2(q 1 q 2 -p 1 p 2 )smh2\}, (30) 

which is just the Wigner function of the usual TSVS. 

4 Entanglement properties of V |00) 

In this section, we consider the entanglement properties of V |00). It is well known that a 
two-mode Gaussian state can be completely characterized by its first and second statistical 
moments and the covariance matrix of elements a. In general, the first statistical moments 
can be adjusted by local displacements without affecting entanglement, thus they they will 
can be set to be zero without loss of generality and the behavior of the covariance matrix a is 
all important for the study of entanglement. There are several quantitative measurements of 
quantum entanglement proposed [20-22] . For a two-mode Gaussian state, the entanglement 
is best characterized by the logarithmic negativity Eji/, a quantity evaluated in terms of the 
symplectic eigenvalues of a [23|l23]. 

In order to evaluate the entanglement of V 1 00) , we reform Eq. (|29p as follows in terms of 
phase space quadrature variables, 



W (qi,pi;q 2 ,P2) = 4exp 



7T- 



"9 ( ^ Pl q2 P2 ) ° 1 ( 91 Pl q2 P2 ) 



(31) 



where the covariance matrix a of this OTCSS is 125 



u w \ 1 / rri2 \ 1 / mi \ 1 / m3 



'"I / t) J' B "H m x )> V ~2\ m 2 j' W "2 \ -m 3 

• (32) 

In particular, when 7 = 0, mi = m-2 = cosh2A, 7713 = sinh2A, Eg. ([32]) just reduces to the 
so-called standard form of covariance matrix for TSVS 



The condition for entanglement of a Gaussian state is derived from the partially trans- 
posed density matrix (PPT criterion) [23], according to the smallest symplectic eigenvalue 
n s of the partially transposed state, h s < ^, i.e., h s ^ ^ means the a two-mode Gaussian 
state is separable, where h s is defined as 

h s = min [n + , n_] , (33) 

and h± is given by [26] 



fl± _ ^( g ) ± (A(,)'-4d«,)^ (34) 

where A (cr) = A (er) = det u + det u — 2 det w. 

Using Eqs. ([3"2"j) - (fM|) . the corresponding sympletic eigenvalues h± are then given by 

n± = ^ (V m i m 2 ± m 3) • (35) 

One the other hand, the corresponding quantification of entanglement is given by the log- 
arithmic negativity 2?/v defined as 



-EjV" = max [0, — In 2h s ] . (36) 

From Eqs. ([32"]) . (f35|) and (j36|) . one can clearly see that the logarithmic negativity Ej\f is 
dependent on A and 7. In figure 1, we plot the logarithmic negativity Ej^ as a function of 
parameters A and 7. From Fig.l, we clearly see a new feature, i.e., in presence of parameter 
7, the logarithmic negativity becomes larger than that of tha usual squeezed state (7 = 0). 

5 Violations of Bell's inequality for V |00) 

We now turn our attention to the nonlocal properties of V 1 00) in terms of the Bell's in- 
equality. For a two-mode continuous variable system, the Bell's inequality is given, using 
correlations between parity measurement, by 



\B\ 



n ab (a',(3')+U ab (a,(3')+U ab (a',f3) -U ab (a,^)) < 2, (37) 



Figure 1: (Color online) The logarithmic negativity Ej\fas a function of parameters Aand 7. 



where B is the Bell function, and the superscripts a and b denote the modes and fP 6 (a, /3) 
is the displaced parity operator (Wigner operator) [28] defined as 



fl ab (a, 0) = fl a (a) U b (J3) = D (a) D (p) (-l)« + °+ btb £)t (£) £>t ( a ) 
= 7T 2 A a (a) A b (/3) , 



(38) 



where a = (q\ + ipx)/y2, (3 = (q 2 + W2)/\2- The expectation value of this displaced parity 
operator is just proportional to the two- mode Wigner function, i.e., 



n (a, P) = tr pU ab (a, /?) =vr^(a,/3), 



(39) 



which shows that the connection between this displaced parity operator and Wigner function 
provides an equivalent definition |29j. 

The Bell function is measured for any of four combinations of a = 0, \/~Je lip and /3 = 
0,\/Je ifl , where J(= \a\ 2 = \/3\ 2 ) is a positive constant characterizing the magnitude of the 
displacement. From these quantities we construct the combination [30| 



W (0, 0) + W (VJe ilp , O) + W (0, Vl^ 9 ) - W ( \/je i¥ \ Vie 



(40) 



In particular, when ip = 0, 9 = tt, Eq. (|40p just reduces to Eq.(7) in Ref. [28]. Then 
we can test Bell's inequality — 2 ^ B ^ 2 by means of the two-mode Wigner function 
measurement. Recently, a generalized quasiprobability function is proposed to test quantum 
nonlocality [31], which includes two-type of Bell-inequality by using the Wigner function [32] 
and the Q— function [30j as its limiting cases. 

By noticing that a = (qi + ipi)/y/2,f3 = (q 2 + ip2)/y/2, and ( q\ p\ q 2 P2 ) ^V _1 = 

/ 1 % \ 
1 -i 
1 % 
\ 1 -i J 



a a 



P* P),N 



1 



we can put Eq. (|3ip into another form 



W (a; P) = \ exp 



-- ( a* a P* p )M( a* a P* P ) T 



(41) 



Figure 2: (Color online) Plot of the Bell function Bas a function of parameters Aand J, for 
7 = 0, 9 = 7T, ip = 0. Only values exceeding the bound imposed by local theories are shown. 



where M is a 4 x 4 Hermitian matrix 

/ mi — JT7-2 mi + 771,2 — 2?773 \ 

M = 7771 + 777 2 777! - 7772 -2777 3 , . 

— 27773 7772 — 777,1 777,1 + 777-2 

\ — 27773 777i + 7772 777,2 — 777i / 

Substituting Eq. ([4l"j) into Eq.(@DJ) we have 

B = 1 + exp [-2 J cosh 2 A — 2 J (e 27 cos 2 <^ + e~ 27 sin 2 99) sinh 2 A] 
+ exp [-2 J cosh 2 A - 2 J (e 27 sin 2 9 + e" 27 cos 2 9) sinh 2 A] 
- exp { -4 J cosh 2 A — 2 J (cos 2 + sin 2 0) e 27 sinh 2 A 
-2 J (sin 2 v? + cos 2 9) e" 27 sinh 2 A + 4 J cos (9 + ip) cosh 7 sinh 2A} , (43) 

Thus we can say that y|00) is quantum mechanically nonlocal as \B\ > 2, and the non- 
locality is stronger with the increase of \B\. From Eq. ()43p one can see that the degree of 
nonlocality not only depends on the coherent amplitude J, on the phases 9 and if, but also 
on the parameter 7. In particular, when ip = 0, 9 = ir, Eq. (l43p just reduces to 

B = 1 + exp [-2J (cosh 2 A + e 27 sinh 2 A)] 
+ exp [-2 J (cosh 2 A + e" 27 sinh 2 A)] 

- exp [-4 J (cosh 2 A + cosh 27 sinh 2 A) - 4 J cosh 7 sinh 2A] , (44) 

which further becomes Eq.(7) in Ref. [28] with 7 = 0. 

In figure 2, we plot Bell function in the space spanned by parameters J and A with 7 = 
(corresponding to the usual squeezed vacuum state). From Fig. 2, one can clearly see that 
the result (|43|) violates the upper bound imposed by local theories. With the increase of A, 
the violation of Bell's inequality becomes more observable for smaller J. 

As depicted in Fig. 3, the Bell function also violates the upper bound in the space 
spanned by parameters 7 and A with given a, (3 values. From Fig. 3, one can see that for a 
given small 7, the violation of Bell's inequality becomes more observable with the increase 



o.a.5 

Figure 3: (Color online) Plot of the Bell function Ba,s a function of parameters A and 7, for given 
\a\ = |/3| = 0.05and 6 = ir,(p = O.Only values exceeding the bound imposed by local theories are 
shown. 




Figure 5: (Color online) Plot of the Bell function B as a function of parameters 9 and y?,for given 
J = 0.01,and (a) A = 0.5, 7 = l;(b) A = 0.5, 7 = 2;(c) A = 1, 7 = l;(a) A = 1, 7 = 2. 

of A; while for a large 7, the Bell function is not always monotone for an increasing A; In a 
certain smaller regime of A, it is found that the violation of Bell's inequality becomes more 
observable with increasing 7, which indicates that the nonlocality of V 1 00) is enhanced 
due to the presence of 7 (also see Fig. 4). In addition, for a certain larger regime of A, the 
maximum value of B becomes smaller with the increase of 7. 

On the other hand, from the expression we see that the degree of nonlocality depends 
on the coherent amplitude J, and on the squeezed parameters A and 7, and on the phases 
<p, 6. We have plotted the Bell function B as a function of the phases 92, and with fixed 
J = 0.01 and several different A, 7, as shown in Fig. 5. One can clearly see from Fig. 5 
that B is always greater than zero and for a smaller A, the variable B reaches its maxmum 
value for (p = 0, 6 = tt or p> = n, = (see Fig.5(a),(b)); while for a larger A, the phases 
cp, 9 corresponding to the maxmum value of B are different from those above and vary as 7 
parameter. 

6 Application to quantum teleportation with V 1 00) 

In quantum teleportation (QT), an unknown state is transmitted from a sender (Alice) to 
a receiver (Bob) via a quantum channel with the aid of some classical information. This 
process may be regarded as sending and extracting quantum information via the quantum 
channel. QT was firstly proposed by Barnnett et al in the discrete variable regime |33j 
followed by experimental demonstration [34,35j. For the continuous variables (CVs) case, 
the theoretical analysis of teleportation was firstly made by Vaidman [36]. The role of 
teleportation in the CV quantum information is analyzed in the review Ref. |37j . 

Recently, a CV teleportation protocol has been given in terms of the characteristic 
functions (CFs) of the quantum states involved (input, source and teleported (output) 
states) [38] • By using the Weyl expansion of density operator, it is shown that the CF 
Xout (P) of the output state has a remarkably factorized form 

Xout(P)=Xin(P)XE(P*,P), (45) 



1 t\ 



where Xinifi) and \E {P* , (3) are the CFs of the input state and the entangled source, 
respectively, Xin («i) =tr[Di (cui) /?] and X£ ("1,0:2) =tr[D a (ai) D 2 (a 2 ) />], A (a*) is the 
displacement operator corresponding to mode i, and p is the density operator associated to 
the state. 

In order to measure the success probability of a teleportation protocol, it is convenient 
to use the fidelity of teleportation T =tic(pi n p ou t), an overlap between the input state p{ n 
and the output (teleported) state p ou t, which can, in the CF form, be expressed as 

d 2 rj 



Substituting Eq.flM]) into (ggj) yields 



7T 



-Xin in) Xout (-77) • 



F = J ~~ \Xin (ri)\ 2 XE (~r]*, ~V) 



(46) 



(47) 



In the following we use Eq. (|47|) to analyze the efficiency of teleportation for V 1 00) as a 
quantum channel. 

Let us first consider Braunstein and Kimble protocol [39] of QT for single-mode coherent 
states 1/3), whose CF reads 



- \a\ 2 + a/3* 



Xcoh (a) = exp 
For the OTCSS, its CF is given by (see Appendix B) 
x(a;/3) = exp 



a*/3 



~ ( a* a 13* P )- A M(a* a f5* (3 f 



(48) 



(49) 



where M is defined in Eq. (f42l) . Upon substituting Eqs. (f48l) and (|49|) into (f47l) . we worked 
out the fidelity for teleporting a coherent state based on the OTCSS (fl~9j) . 



1 



1-/' 



(50) 



where / = cosh7sinh2A — cosh 2 A — cosh 27 sinh 2 A. Eq. (|50p indicates that the fidelity is 
only dependent on the parameters A and 7, and is independent of amplitude of the coherent 
state. In particular, when 7 = 0, Eq. ([50|) just reduces to T =(1 + tanh A)/2 [40J. 



Next we consider to teleport the single- mode squeezed vacuum state, exp [r/2 



,12 



Xsq (a) = exp 



whose CF reads 



substituting Eqs.((5T]),()49]) into Eq.gTD yields the fidelity, 

1 



-— \a\ 2 cosh 2r (a 2 + a* 2 ) sinh 2r 

2 1 1 4 V ) 



1(f) 



yJP - 2/ cosh 2r + 1 



)]|o>, 



(51) 



(52) 



In order to compare the fidelity obtained by the TSVS channel and the OTCSS channel, 
we plot figure for the difference fidelity (J- (r) — T (0)) as a function of parameters (A and 
7) in Fig. 6. From Fig. 6, one can see that there is a region spanned by A and 7 in which the 
fidelity of OTCSS channel is larger than the other one and the difference fidelity becomes 
smaller with the increase of r. 



Figure 6: (Color online) Plot of the fidelity T as a function of parameters A and 7, (a) the initial 
coherent state, with r = 0;(b) the initial squeezed vacuum state with r = 1. 



7 Conclusion 



In conclusion, we have introduced a one- and two-mode combination squeezed state (OTCSS) 
which can be considered as a generalized two-mode squeezed state and investigated the 
entanglement properties and quantum noncocality of this state in terms of logarithmic neg- 
ativity and the Bell's inequality, respectively. It is shown that this state presents larger 
entanglement than that of the usual two-mode squeezed vacuum state (TSVS); In a certain 
smaller regime of A, it is found that the violation of Bell's inequality becomes more observ- 
able with increasing 7, which indicates that the nonlocality of V 1 00) can be stronger than 
that of TSVS due to the presence of 7. In addition, application to quantum teleportation 
with OTCSS is also considered, which shows that there is a region spanned by A and 7 in 
which the fidelity of OTCSS channel is larger than that of TSVS. 
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Appendix A: Derivation of Eq. (l29|) 

Using the order-invariance of Weyl ordered operators under similar transformations ([2j 
and Eqs.dU-CG]), we have 



U = V- l \5{q l -Q l )5(p l -P l )5{q 2 -Q 2 )5{p 2 -P 2 ) [V 

= 5 (qi — Q\ cosh A — Q 2 e~~' sinh A) 6 (q 2 — Q 2 cosh A — Qie 1 sinh A) 
x 5 (pi — P\ cosh A + P 2 e^ sinh A) 5 {p 2 — P 2 cosh A + Pie -7 sinh A) 

qi \ / cosh A e _7 sinhA \ f Qi 
q 2 J \ e 7 sinh A cosh A J \ Q 2 

pi \ / cosh A — e 7 sinh A \ / P\ 
p 2 J \ — e~ 7 sinh A cosh A J \ P 2 

cosh A — e _7 sinhA \ f Qi \ ( Qi 
— e 7 sinh A cosh A J \ q 2 J \ Q 2 

. j 1 cosh A e 7 sinh A\/pi\ f Pi W '■ , A -, \ 

X *(( e-sinhA coshA ) ( p 2 ) ~ ( P 2 ) ) : ' (M) 



x 5 



1 o 



which indicates that (comparing with Eq. (|24p ) 

U = 5 (q\ cosh A — (fee -7 sinh A — Q%) 5 (pi cosh A + jfee 7 sinh A — Pi) 
x 6 (q 2 cosh A — q\e' sinh A — Q2) & (p 2 cosh A + pie~ 7 sinh A — P2) 
= Eq.fl29|). (A2) 
Thus the Wigner function of V 1 00) is 

W (qi,Pi; q2,P2) = — exp |— (gi cosh A — (fee -7 sinh A) 2 — (q 2 cosh A — q\e ( sinh A) 2 
— (pi cosh A + p2e 7 sinhA) 2 — (^fecoshA + pie~ 7 sinhA) 2 | 



m. 



(A3) 



Appendix B: Derivation of characteristic function of V 1 00) 

For two-mode quantum state V 1 00) , its characteristic function is given by 

X (qi,Pr,Q2,P2) = tr [V |00) (00| V~ 1 D 1 ( gi , Pl ) D 2 {q 2 ,p 2 )) 
= <00| V- 1 D l ( qi , Pl ) D 2 (q 2 ,p 2 ) V |00) , 



(Bl) 



where Di (qi,Pi) (i = 1, 2) are the displacement operators, defined by Di (qi,Pi) = exp [i (piQi 

Noticing that the Weyl ordering of Di (qi,Pi) is itself, Di (qi,Pi) = .Di (qi,Pi) ',, and that 
a remarkable property of the invariance of Weyl ordered operators under similar transfor- 
mations ()27p . we have 



where 



V- L D 1 (qi, P i)D 2 (q 2 ,p 2 )V 

= V' 1 ' exp [i (piQi - qiP%)] exp [i (p 2 Q 2 - q 2 P 2 )} ' V 

= exp \i (px (Qi cosh A + Q 2 e~^ sinh A) — (Pi cosh A — P2e 7 sinh A))] 

x exp [i (p 2 (Q 2 cosh A + Qie 7 sinh A) — q 2 {P 2 cosh A — Pie -7 sinh A))] 

= " exp [i (p'xQi - q'xPi)] exp [i (p' 2 Q 2 - q 2 P 2 )] \ 

= Di (</i,Pi) P>2 {((2^2) , 



q'l = q\ cosh A — (fee 7 sinh A, p'i = p\ cosh A + p 2 e 7 sinh A, 
q'2 = 12 cosh A — gie 7 sinh A, p 2 = p 2 cosh A + pie -7 sinh A. 



(B2) 



(B3) 



Then substituting Eqs.(B2), (B3) into Eq.(Bl) we can directly obtain the CF of V 1 00) , 



x(Ql,Pi;q2,P2) = (00| D 1 D 2 (q' 2 ,p 2 ) |00) 

1 T 
= exp -- ( q x pi q 2 p 2 ) a ( qi pi q 2 p 2 ) 



or 



x(a;/3) = exp 



--{a* a /3* /3 )a( a* a (3* j3 ) T 



(B4) 
(B5) 




a = NaN T = -M. 



(B6) 



When 7 = 0, (m\ + 7722) — > 2 cosh 2A, 7723 — > sinh2A,we have 



x(a;/3) = exp -- 




which is just the CF of the usual TSVS. 
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